In this paper, we study the existence of anti-periodic solutions for a second-order ordinary differential equation. Using the interaction of the nonlinearity with the Fučík spectrum related to the anti-periodic boundary conditions, we apply the Leray-Schauder degree theory and the Borsuk theorem to establish new results on the existence of anti-periodic solutions of second-order ordinary differential equations. Our nonlinearity may cross multiple consecutive branches of the Fučík spectrum curves, and recent results in the literature are complemented and generalized.
Introduction and main results
In this paper, we study the existence of anti-periodic solutions for the following secondorder ordinary differential equation:
where f ∈ C(R  , R), f (t +
, -s) = -f (t, s), ∀t, s ∈ R and T is a positive constant. A function x(t) is called an anti-periodic solution of (.) if x(t) satisfies (.) and x(t +
 ) = -x(t) for all t ∈ R. Note that to obtain anti-periodic solutions of (.), it suffices to find solutions of the following anti-periodic boundary value problem: , some investigation has been devoted to the nonresonance condition of (.) by studying the asymptotic interaction of the ratio . In fact, by using the asymptotic interaction of the ratio
with the spectrum of -x , the ratio f (t,s) s can cross multiple spectrum curves of -x . In this paper, we are interested in the nonresonance condition on the ratio F(t,s) s  for the solvability of (.) involving the Fučík spectrum of -x under the anti-periodic boundary condition.
Note that the study of anti-periodic solutions for nonlinear differential equations is closely related to the study of periodic solutions. In fact, since 
It is easily seen that the set can be seen as a subset of the Fucík spectrum of -x under the corresponding Dirichlet boundary condition; one can see the definition of the set i+ , i ∈ N, or Figure  in [] . Without loss of generality, we assume that ϕ m is an eigenfunction of (.) corresponding to (
corresponding to the point (λ + , λ -) ∈ m, , and if a < , we obtain only a one-dimensional function ϕ m , denoted by ϕ m, , corresponding to the point (λ + , λ -) ∈ m, . In this paper, together with the Leray-Schauder degree theory and the Borsuk theorem, we obtain new existence results of anti-periodic solutions of (.) when the nonlinearity f (t, s) is asymptotically linear in s at infinity and the ratio F(t,s) s  stays asymptotically at infinity in some rectangular domain between Fučík spectrum curves m and m+ .
Our main result is as follows.
s). If the following conditions:
In particular, if λ + = λ -, then problem (.) becomes the following linear eigenvalue problem:
Simple computation implies that the operator -x with the anti-periodic boundary condition has a sequence of eigenvalues
, m ∈ Z + , and the corresponding eigenspace is two-dimensional.
, -s). If (.) holds and there exist constants p, q and m ∈ Z + such that
holds uniformly for all t ∈ R, then (.) admits a Denote
for some positive integer m ≥ . Define
). Clearly,
In addition,
for all t ∈ R, s ∈ R, which imply that
for all t ∈ R. It is obvious that (.) implies that the assumption (i) of Theorem . holds. This paper is organized as follows. In Section , some necessary preliminaries are presented. In Section , we give the proof of Theorem .. http://www.boundaryvalueproblems.com/content/2012/1/149
Preliminaries
Assume that T > . Define
, we can write the Fourier series expansion as follows:
Define an operator J :
Clearly,
Furthermore, we obtain
using the Parseval equality 
3 Proof of Theorem 1.1
Proof of Theorem . Consider the following homotopy problem:
We first prove that the set of all possible solutions of problem (.)-(.) is bounded. Assume by contradiction that there exist a sequence of number {μ n } ⊂ [, ] and corresponding solutions {x n } of (.)-(.) such that
By (.), (.) and the fact that f is continuous, there exist n  ∈ Z + , C  >  such that
In view of μ n ∈ [, ], together with the choice of (λ, λ), it follows that there exists M  >  such that, for all n ≥ n  ,
It is easily seen that {z n (t)} and {z n (t)} are uniformly bounded and equicontinuous on [, T]. Then, using the Arzela-Ascoli theorem, there exist uniformly convergent subsequences on [, T] for {z n (t)} and {z n (t)} respectively, which are still denoted as {z n (t)} and http://www.boundaryvalueproblems.com/content/2012/1/149 {z n (t)}, such that
Clearly, z C  = . Since x n (t) is a solution of (.)-(.), for each n, we get
Owing to that the sequences {t n } and {μ n } are uniformly bounded, there exist t  ∈ [, T] and μ  ∈ [, ] such that, passing to subsequences if possible, Multiplying both sides of (.) by z n (t) and integrating from t n to t, we get
Taking a superior limit as n → ∞, by (.) and (.)-(.), we obtain
By the assumption (ii) and the choice of λ, if z(t) > , we have
Similarly, we obtain
Note that z(t) ∈ C  [, T], the above inequalities can be rewritten as the following equivalent forms:
